Nombres complexes. Cours

conjugué dans C

Définition

Soit z = a + ib un nombre complexe avec a et b réels.
On appelle conjugué de z que I'on note 7 le nombre a — ibS

Exemple | Soitz=3—4i. 7=3—(—4i)=3+4i

Pour tout nombre complexe z :

Propriétés

z+72=2%R(2) z—27=2i1(2) z=Z z€R z=—-7 z€IR z=(2)

Preuve

Posons z=a+ ib

o z+Z=a+ib+a—ib=2a=2R(2)
o z—7= a+ib— (a—ib)=2ib=2iI(z) e z=-zo atib=—-(a-ib)o2a=0sz€R
e z=z&a+ib=a-ibe2ib=0b=0s o z=(2)eoz=(a—-w)=a+ib=z
z€R
Pour tous nombres complexes z et z’
_ S . (T_1
Propriétes |+ () =—7 .« TRT =7+ )=z
o zt+tz =7+7 e VneN, z?'= ()" . E:E
z' z1
Preuve

Posonsz=a+ibetz =c+id

o (—z)=(-a—-w)=—-a+ib=—(a—ib)=-Z

o z+zZ=(a+c+ib+d))=a+c—i(b+d)=
a—ib+c—id=z+2

o zxz =(a+1b)(c+1d)=ac—bd+i(bc+da)=
ac — bd — i(bc + da)
z*z' = (a—ib)(c —id) = ac — bd — i(bc + da)

— !
=ZzZ%Z .

Par recurrence sur n

Le cas n = 1 est évident.

Supposons z" = (2)"

Z"+1 = zMx z = 2™ x 7 (point précédent)
=@"xz=@""!

()12 @ =1270=120)

Il
Ny | =





  z = a + i b
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  b


  z


    z -


  a − i b S


  z = 3 − 4 i .  


    z - = 3 −  ( − 4 i ) = 3 + 4 i


  z   :  


  z +   z - = 2 ℜ  ( z )


  z −   z - = 2 i ℐ  ( z )


  z =   z - ⇔   z ∈ ℝ


  z = −   z - ⇔   z ∈ i ℝ


  z =    (   z - ) -


  z = a + i b


  z +   z - = a + i b + a − i b = 2 a = 2 ℜ  ( z )


  z −   z - =   a + i b −  ( a − i b ) = 2 i b = 2 i ℐ  ( z )


  z −   z - =   a + i b −  ( a − i b ) = 2 i b = 2 i ℐ  ( z )


  z =   z - ⇔ a + i b = a − i b ⇔ 2 i b = 0 ⇔ b = 0 ⇔ z ∈ ℝ


  z =   z - ⇔ a + i b = a − i b ⇔ 2 i b = 0 ⇔ b = 0 ⇔ z ∈ ℝ


  z = −   z - ⇔   a + i b = − ( a − i b


  ⇔ 2 a = 0 ⇔ z ∈ i ℝ


  z =    (   z - ) - ⇔ z = (   a − i b ) - = a + i b = z


  z


  z ′


     ( − z ) - = −   z -


    z +   z ′ - =   z - +   z ′ -


    z ∗   z ′ - =   z - ∗     z ′ -


  ∀ n ∈ ℕ ,         z  n - =    (   z - )  n


     (  1  z ) - =  1    z -


     (   z    z ′ ) - =     z -    z ′ -


  z = a + i b


  z ′ = c + i d


     ( − z ) - =    ( − a − i b ) - = − a + i b = −  ( a − i b ) = −   z -


    z +   z ′ - =  (   a + c + i  ( b + d ) - ) = a + c − i  ( b + d ) = a − i b + c − i d =   z - +   z ′ -


    z +   z ′ - =  (   a + c + i  ( b + d ) - ) = a + c − i  ( b + d ) = a − i b + c − i d =   z - +   z ′ -


    z ∗   z ′ - =    ( a + i b )  ( c + i d ) - =   a c − b d + i ( b c + d a ) - = a c − b d − i  ( b c + d a )


    z ∗   z ′ - =    ( a + i b )  ( c + i d ) - =   a c − b d + i ( b c + d a ) - = a c − b d − i  ( b c + d a )


    z - ∗     z ′ - =  ( a − i b )  ( c − i d ) = a c − b d − i  ( b c + d a ) =   z ∗   z ′ -


    z - ∗     z ′ - =  ( a − i b )  ( c − i d ) = a c − b d − i  ( b c + d a ) =   z ∗   z ′ -


  n


  n = 1


        z  n - =    (   z - )  n


        z  n + 1 - =       z  n ∗ z - =       z  n - ∗   z -


  =    (   z - )  n ∗   z - =    (   z - )  n + 1


  z ∗  (  1  z ) = 1 ⇒     z ∗  (  1  z ) - =  1 - ⇒   z - ∗    (  1  z ) - = 1 ⇒    (  1  z ) - =  1    z -


  z ∗  (  1  z ) = 1 ⇒     z ∗  (  1  z ) - =  1 - ⇒   z - ∗    (  1  z ) - = 1 ⇒    (  1  z ) - =  1    z -


     (   z    z ′ ) - =   z ∗  (  1    z ′ ) - =   z - ∗  (  1      z ′ - ) =     z -    z ′ -


     (   z    z ′ ) - =   z ∗  (  1    z ′ ) - =   z - ∗  (  1      z ′ - ) =     z -    z ′ -

