Nombres complexes . Cours

Module d’un nombre complexe

Soit M un point du plan d’affixe z dans le plan complexe.

DT On appelle module de z et on note |z| la distance OM, 0 étant I'origine du repére.
o et | M(z)
I
Probriété Soit M un point d’affixe z = a + ib avec a et b réels. 4 ) :
P |z| = v a? + b? i
I
o] a
Preuve
Soit M(x,y) d’affixe z =x + iy. |z| = OM = ||W|| OM(x,y) donc |z| = ||W|| = /22 4 y?
Exemple | Soitz =2 —3i.|z| = /22 + (-3)2 =13
e Danslecasouzestréel.z=a (a € R)> |z| = |a]
e Dans le cas ou z est imaginaire pur, z = ia(a € R) |z| = |a|
Remarque e z =17z =|z| =|Z'|. Par contre la réciproque est fausse. En effet |1 +i| = |1 —i| =
J12 4+ (£1)2 = V2 mais
1+i+1-i
Soit z = a + ib un nombre complexe. .
Propriétés
1. |z =0=22=0 2. |—z| = |z 3. |z]l = |z| 4. zxz=|z|?
Preuve
1. |z|=0=>+va?+b?>=0=>a=b=0
2. |-zl =+/(-a)? + (=b)? = VaZ + b2 = |7
3. |zl =la—ibl =/ (a)? + (-b)? =Va? + b? = |z]
4. z+z=(a+ib)(a—ib)=a?+b*=(VaZTb?) = |z|?
Soient z = a +ib et z’ = a’ + ib’ deux nombres complexes.
. 1 1
Propriétés 2 vneN 3. Siz#0, |Z| Tz
1. |zz'| = |zl|z'| '|Zn| - |Z|'n » 4. |z+7Z| < |z + |7
zZI zZI
Du coup =7
1. |zz'| = |(a + ib)(a' +ib")| = |aa" — bb' + i(ba' + ab")| = \/(aa’ —bb")?2 + (ba' +ab")? =
J(@a)? + (bb")? + (ba')? + (ab’)?
|z||z'| = Va? + b%/a'? + b'2 = \[(a? + b?)(a’? + b'2) = \[(aa’)? + (bb")? + (ba')? + (ab’)? = |zZ'|
2. Parrécurrence. Pour n = 1, c’est évident.
Supposons |z"| = |z|"
2"+ = |z 2| = |z * |z|" = |z|"*!
C’est donc vrai aussi a I'ordre n + 1, conclusion c’est vrai pour tout n
3. Fl=1z1+-H=p=2 Ducoup|z—'|:|z’*l:|z’|1:H
p ' z z z |z| z z z |z|
reuve 2
4. |z+712=(J@+ad)Z+ (B +b)?) =(a+a)+b+b)?=a’+b?+a” +b?+2ad + 2bb

Izl +12'D? = (a2 + b2 + Va2 + b'2)? = a® + b2 + a’* + b2 + 2y/a? + b2/ a'? + b'?
|z +2'|2 = (|z| + |2'])? = 2aa’ + 2bb’ — 2\/a? + b2\ a'? + b2

~(a Sral g .
En posant ¥ (b) etv (b’) il vient :

|z +2'|? = (|z| + |2')? = 2@ v — [[d[llIZ|)
Or nous savons que | (w.?) | < ||[4||l|#]| donc |z + Z'|2 — (|z]| + |z’D? < 0 >
|z +2'|* < (2] + |2'])?

La fonction carré étant croissante sur R* nous avons |z + z'| < |z| + |Z/|




Propriété | Soient A et B deux points du plan complexe d’affixe z, et z; alors AB = |z5 — z,

Preuve

Posons A(x,,y,) et B(xg, yg) alors z, = x, + iy, et zg = x5 + iy
|25 — 24| = |(xg — x4) + iy — V)| = v/ (x5 — xa)? + (v5 — y4)> = AB

Exemple | SOentAG-1+20 et B(1 -1
i AB=1-i-(-1+20)|=12-3i|=22+(3)2=V13
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  z =   z ′ ⇒  | z | =  | z ′ |


   | 1 + i | =  | 1 − i | =   1 2 +   ( ± 1 ) 2 =  2


  1 + i ≠ 1 − i


  z = a + i b


   | z | = 0 ⇒ z = 0


   | − z | =  | z |


   |   z - | =  | z |


  z ∗   z - =    | z | 2


   | z | = 0 ⇒    a 2 +   b 2 = 0 ⇒ a = b = 0


   | − z | =    ( − a ) 2 +   ( − b ) 2 =    a 2 +   b 2 =  | z |


   | − z | =    ( − a ) 2 +   ( − b ) 2 =    a 2 +   b 2 =  | z |


   |   z - | =  | a − i b | =    ( a ) 2 +   ( − b ) 2 =    a 2 +   b 2 =  | z |


   |   z - | =  | a − i b | =    ( a ) 2 +   ( − b ) 2 =    a 2 +   b 2 =  | z |


  z ∗   z - =  ( a + i b )  ( a − i b ) =   a 2 +   b 2 =    (    a 2 +   b 2 ) 2 =    | z | 2


  z ∗   z - =  ( a + i b )  ( a − i b ) =   a 2 +   b 2 =    (    a 2 +   b 2 ) 2 =    | z | 2


  z = a + i b


    z ′ =   a ′ + i   b ′  


   | z   z ′ | =  | z | |   z ′ |


  ∀ n ∈ ℕ ,  


   |   z  n | =    | z |  n


   |   z  n | =    | z |  n


  z ≠ 0 ,    |  1  z | =  1   | z |


   |   z ′  z | =    | z ′ |   | z |


   | z + z ′ | ≤  | z | +  | z ′ |


   | z   z ′ | =  |  ( a + i b )  (   a ′ + i   b ′ ) | =  | a   a ′ − b   b ′ + i  ( b   a ′ + a   b ′ ) | =  (   a   a ′ − b   b ′ ) 2 +   ( b   a ′ + a   b ′ ) 2 =    ( a   a ′ ) 2 +   ( b b ′ ) 2 +   ( b   a ′ ) 2 +   ( a   b ′ ) 2


   | z |  |   z ′ | =    a 2 +   b 2    a ′ 2 +   b ′ 2 =   (   a 2 +   b 2 )  (   a ′ 2 +   b ′ 2 ) =    ( a   a ′ ) 2 +   ( b b ′ ) 2 +   ( b   a ′ ) 2 +   ( a   b ′ ) 2 =  | z   z ′ |


   | z |  |   z ′ | =    a 2 +   b 2    a ′ 2 +   b ′ 2 =   (   a 2 +   b 2 )  (   a ′ 2 +   b ′ 2 ) =    ( a   a ′ ) 2 +   ( b b ′ ) 2 +   ( b   a ′ ) 2 +   ( a   b ′ ) 2 =  | z   z ′ |


  n = 1 ,  


   |   z  n | =    | z |  n


   |   z  n + 1 | =  |   z ∗ z  n | =  | z | ∗    | z |  n =    | z |  n + 1
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     |   z  z | =  | z | ∗  |  1  z | ⇒  |  1  z | =  1   | z |


   |   z ′  z | =  |   z ′ ∗  1  z | =  |   z ′ |  |  1  z | =    |   z ′ |   | z |


     | z + z ′ | 2 =    (  (   a + a ′ ) 2 +   ( b +   b ′ ) 2 ) 2 = (   a + a ′ ) 2 +    ( b +   b ′ ) 2 =   a 2 +   b 2 +     a ′ 2 +   b  ′ 2 + 2 a   a ′ + 2 b b ′


     (  | z | +  | z ′ | ) 2 =   (    a 2 +   b 2 +      a ′ 2 +   b  ′ 2   ) 2 =   a 2 +   b 2 +     a ′ 2 +   b  ′ 2 + 2    a 2 +   b 2      a ′ 2 +   b  ′ 2


     (  | z | +  | z ′ | ) 2 =   (    a 2 +   b 2 +      a ′ 2 +   b  ′ 2   ) 2 =   a 2 +   b 2 +     a ′ 2 +   b  ′ 2 + 2    a 2 +   b 2      a ′ 2 +   b  ′ 2


     | z + z ′ | 2 −    (  | z | +  |   z ′ | ) 2 = 2 a   a ′ + 2 b   b ′ − 2    a 2 +   b 2      a ′ 2 +   b  ′ 2


     | z + z ′ | 2 −    (  | z | +  |   z ′ | ) 2 = 2 a   a ′ + 2 b   b ′ − 2    a 2 +   b 2      a ′ 2 +   b  ′ 2


    u →  (     a    b )  


    v →  (     a ′    b ′ )


     | z + z ′ | 2 −    (  | z | +  |   z ′ | ) 2 = 2 (   u . →   v → −  ‖   u → ‖  ‖   v → ‖ )


   |    (   u . →   v → )   | ≤    ‖   u → ‖  ‖   v → ‖


     | z + z ′ | 2 −    (  | z | +  |   z ′ | ) 2 ≤ 0 ⇒


     | z +   z ′ | 2 ≤    (  | z | +  |   z ′ | ) 2


   ℝ +  


   | z + z ′ | ≤  | z | +  | z ′ |
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  A B =  |   z  B −   z  A |


  A (   x  A ,     y  A )


  B (   x  B ,     y  B )


    z  A =   x  A + i   y  A


    z  B =   x  B + i   y  B


   |   z  B −   z  A | =  |  (   x  B −   x  A ) + i  (   y  B −   y  A ) | =  (     x  B −   x  A ) 2 +    (   y  B −   y  A ) 2 = A B


  A  ( − 1 + 2 i )


  B  ( 1 − i )


  A B =  | 1 − i − ( − 1 + 2 i ) | =  | 2 − 3 i | =   2 2 +    ( 3 ) 2 =  13

